A note on spanning local tournaments in locally semicomplete digraphs  by Huang, Jing
ELSEVIER 
DISCRETE 
APPLIED 
MATHEMATICS 
Discrete Applied Mathematics 89 (1998) 277-279 
Communication 
A note on spanning local tournaments in locally 
semicomplete digraphs 
Jing Huang ’ 
Deprttnent of Mathematics and Statistics. Uniwrsity oJ’ Victoria, B.C., V8 W 3P4, Canada. 
Received 4 July 1998; accepted 29 July 1998 
Communicated by P. Hell 
Abstract 
We prove a result which implies that every k-connected locally semicomplete digraph which 
is not a semicomplete digraph must contain a k-connected spanning local tournament. This 
improves an earlier result of Guo and partially answers a question of Jackson and Thomassen. 
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We assume a digraph contains no loops or multiple arcs but may contain cycles of 
length 2. If a digraph contains no cycles of length 2, then it is an oriented graph. 
Let D be a digraph. Then D is strong if, for every pair of vertices x and y, D 
contains a directed path from x to y and a directed path from y to x. If D is strong 
and S is a subset of V(D) such that D - S is non-strong, then S is a sepuratiny set. 
A separating set of the minimum size is called a minimum sepurating set. The digraph 
D is k-connected if every separating set contains at least k vertices. 
A digraph is semicomplete if there is an arc between any pair of vertices. A tournu- 
ment is thus an oriented semicomplete digraph. A digraph is called locully srmicom- 
plete if the outset as well as the inset of each vertex induces a semicomplete digraph, 
[l]. An oriented locally semicomplete digraph is called a local tournament, [3]. 
Jackson and Thomassen [4] conjectured that every 2k-connected digraph contains 
a k-connected spanning oriented graph. Towards the proof of this conjecture, Guo 
[2] showed that every (3k - 2)-connected locally semicomplete digraph D contains a 
k-connected spanning local tournament. In fact, Guo considered two separate cases: 
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When D is a (3k - 2)-connected semicomplete digraph, D contains a k-connected 
spanning tournament. When D is a (2k - I)-connected locally semicomplete digraph 
which is not semicomplete, D contains a k-connected spanning local tournament. In this 
note, we shall improve this second result by showing k-connectness of D is sufficient 
to guarantee the property. 
Let D be a digraph with vertices al, ~2,. . . , a,. Let A 1 ,A2,. . . , A, be il digraphs. To 
substitute Ai for ai, i = 1,2,. . . , n, means to form a new digraph D’ from D by replacing 
each a; with Ai so that in D’ each vertex of Ai dominates each vertex of Aj whenever 
ai dominates Uj in D. 
The above operation preserves the property of being a locally semicomplete digraph 
in the following sense: Suppose that T is a local tournament with vertices ut,uz,. . . ,a,. 
Suppose that Al,Az, . . , A, are semicomplete. Then the digraph obtained by substituting 
Ai for a;, i = 1,2,. . . , n, is a locally semicomplete digraph. In fact, the author [3] proved 
that every locally semicomplete digraph can be obtained in this way. That is, every 
locally semicomplete digraph D is obtained from a local tournament T by substituting 
semicomplete digraphs for the vertices of 7’. 
Theorem 1. Let D be a digruph obtained from an oriented graph T by substituting 
digraphs for the vertices of T. Suppose that T contains more than one vertex and D 
is k-connected. Then D contains a k-connected spanning oriented subgruph. 
Proof. Suppose that the k-connected D is obtained from T by substituting digraphs 
Ai for a,, i= 1,2 ,..., n. Since D is k-connected, T is strong and hence must contain 
at least three vertices. Clearly, each cycle of length 2 of D is in some A,. Let D’ be 
an oriented graph obtained from D by removing (arbitrarily) one arc from each cycle 
of length 2. Thus, D’ can be seen as the graph obtained from T by substituting some 
oriented graphs Aj for uj with V(Ai) = V(Ai), i = 1,2,. . . , n. We shall show that D’ is 
k-connected. 
Let S be a 
X = {i: 
Y = {i: 
Z = {i: 
minimum separating set of D’. Denote 
VA;) C S), 
V(A;) n S = Cd}, 
V(A;) - S # 0, J’(A:) n S # S}. 
Clearly, Y UZ # 8. Suppose that j is the only subscript in Y UZ. Let Uk be an outneigh- 
bour of aj in T and let S’ = Uifj,k V(Ai). Then S’ c S and D’ -S’ is the subdigraph of 
D’ induced by V(AJ) U V(Ai) which is non-strong, contradicting the minimality of S. 
So IY U 2.1 > 1. The subdigraph T’ of T induced by (a;: if Y U Z} is non-strong. Let 
S”=S - UiEZ V(AI). Then it is easy to see that S” &S and D’ - S” is non-strong. 
This implies that Z is in fact an empty set. Hence S = UiEX V(Ai) and D - S is the 
graph obtained from T’ by substituting semicomplete digraphs. Since T’ is non-strong, 
D - S is non-strong. This means S is a separating set of D, implying that IS/ ak. 0 
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As mentioned earlier, every locally semicomplete digraph D is obtained from a local 
tournament T by substituting semicomplete digraphs for the vertices of T. So if D is 
not semicomplete, then T contains more than one vertex. Thus, the above proof shows 
the following. 
Corollary 2. If a k-connected locally semicomplete digraph is not semicomplete, then 
it contains a k-connected spanning local tournament. 
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